Abstract: We report on the design of the Maxwell fish-eye based on graded photonic crystals. It is a radially graded refractive index structure, whose remarkable property is to form perfect images in the sense of geometrical optics. The half-Maxwell fish-eye, which takes advantage of the symmetry of the previous, provides directive emission, which applies, amongst others, to wireless communications. The continuous gradient index is nevertheless difficult to practically realize. We show that graded photonic crystals make it possible to get the radially graded index of the Maxwell fish-eye and that the designed graded photonic crystals exhibit the expected properties. Graded photonic crystals fit the requirements of graded index optics. Moreover, they can be scaled with the wavelength.
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Introduction
The Maxwell Fish-Eye (MFE) is a spherically symmetric graded index structure which has the remarkable property of forming perfect images in the geometrical optics point of view [1, chap. 4] . This isotropic medium of variable refractive index is called an absolute instrument [2] , [3] . The Half-Maxwell Fish-Eye (HMFE) takes advantage of the symmetry of the MFE. It is thus half the MFE, i.e. a hemisphere, and it is a useful device because it exhibits directive emission when, e.g., it is fed by an antenna. Indeed, it collimates a source point located on the spherical surface into a directive plane wave whose aperture is that of the lens. Conversely, it focuses an incident plane wave onto its spherical surface. Luneburg [4] and Eaton [5] lenses are the other known examples of absolute instruments [3] . Miñano refined this definition introducing "Novel Absolute Instruments for Homogeneous Regions", that is, a class of spherically symmetric gradient-index structures forming a perfect image such that the object and the image lie in regions of the same constant refractive index [6] . In a prominent paper, Pendry gave the evidence of the perfect lens with negative refraction index (n = −1), by showing this medium amplifies the evanescent waves, which causes both propagating and evanescent waves to contribute to the resolution of the image [7] . The question next arose as to whether positive index absolute instruments in the geometrical optics sense were also perfect instruments in the wave optics sens, i.e., are they also diffraction unlimited? Ma et al. have argued that the mirrored MFE gives unlimited resolution [8] ; these results were the matter of a serious debate (see e.g., [9] - [11] ) and were subsequently retracted. MFE thereby blends tricky theoretical aspects with efficacious applications. GRaded INdex (GRIN) Optics is undergoing a renewal because the "possibility of realising arbitrary refractive index profiles opens up prospects for optical design" [12] , [13] . The refractive index of a GRIN lens depends on the location inside it, which offers new degrees of freedom for optical design. Because of the tailored graded index, the optical rays are curved and GRIN optics reduces the size and the complexity of lens assemblies. GRIN optical components for coupling and interconnects in photonic systems are thus designed [14] . Nevertheless, the continuous gradient of index is difficult to realize in practice. The graded index profile is often discretized by stacking concentric shells of various permittivity [15] - [17] . It has also been obtained by varying the distance between the two circular metal plates of a waveguide-based artificial dielectric [18] , or by controlling the thickness of a guiding Silicon layer [19] , [20] . Herein, we propose to attain the radially graded refractive index of the MFE via the continuous gradient of filling factor of Graded Photonic Crystals (GPC). The graded index n(r ) of the Maxwell Fish-Eye is therefore not discretized. Contrary to metamaterials, it involves no resonance of the constitutive medium [21] and the losses are consequently negligible, the latter affecting the resolution. In addition, as GPCs may be fabricated by various processes, including nanolithography (e.g. by implementing the Silicon-on-insulator technology, that is compatible with CMOS circuits), they can be designed and fabricated for applications from microwave to the optical domain. GPCs, with their fabrication techniques, are the materials to a new approach of GRIN optics. Compact opticals devices at scale of a few wavelengths are provided this way.
MFE index profile varies from the center towards the rim according to the relation
where r is the radial distance inside the structure region and R is the radius of the structure. Its refractive index therefore varies from n(0) = 2 to n(R ) = 1, and it does not depend on the other coordinates. When r = R , it is half of its value at the center of the MFE. It images each point located on the spherical surface of radius R to the opposite point on the same surface. Two such points, object and image, are said to be perfect conjugates. This optical system is stigmatic, whereby all the optical rays emerging from the object converge onto the same unique image and inside the structure, the paths of the rays are along arcs of circles [1, chap. 4] . The principle of Maxwell Fish-Eye is shown in Fig. 1 . Maxwell Fish-Eye has also been treated in the framework of Maxwell equations [22] . We attain the radially graded index n(r ) of the Maxwell Fish-Eye via the continuous gradient of the effective index n eff of a GPC, which results from its gradient of filling factor η. The method of design consists in the engineering of the iso-frequency curves (IFC) of photonic crystals (PC). These are artificial media, whose dielectric constant is periodic, which makes their relation of dispersion ω = ω(k) to be as a band-structure, i.e. it includes photonic band-gaps and photonic bands. The dispersive properties we handle to design the structures are beyond the photonic band gaps of the band-structure. Indeed, PCs permit to control the flow of the EM field via the shape of their photonic bands which relates the group velocity v g to the wave vector k, according to the relation [23] 
The wave vector k is consequently perpendicular to the iso-frequency curves (IFC); the latter are the relation of dispersion ω = ω(k) at a given frequency [23] . IFCs may have a great variety of shapes. If these are circular shapes, the PC can be assumed to behave as a homogeneous isotropic medium and an isotropic effective index n eff can be retrieved [23] . For their part, Graded Photonic Crystals rely on the small variation of one parameters of the elementary cell, such as the filling factor or the lattice period, over one period of the lattice of the PC [24] . Since this variation is small over the elementary cell of the PC, the dispersive properties of GPCs can be deduced from that of PCs. This small variation gradually modifies the dispersion properties. Consequently, engineering the IFCs allows to really control the direction of the wave (1), i.e., its value at the center is twice the value at its rim. All the rays emerging from the point source S are converging onto the image pointI , the latter being the symmetric of the former. The optical paths are along arcs of circles and the wave fronts are consequently symmetric. (b) The Half-Maxwell Fish-Eye is half the Maxwell Fish-Eye, that is, it is an hemisphere. It takes advantage of this symmetry, e.g., all the rays emitted by the point source S emerge as a parallel beam. Conversely, it focuses an incident plane wave onto its spherical surface.
vector k. GPCs have been therefore a step forward to control the propagation of the EM field [24] since their effectiveness to curve the flow of light as been demonstrated [25] - [27] .
Design and Simulation of the Maxwell Fish-Eye

Effective index
In this paper, we consider structures which are derived from PCs whose dispersive properties make them analogous to Linear, Homogeneous and Isotropic (LHI) media. A gradient is applied to the elementary cell giving rise to the GPC. To design the latter, we vary the filling factor η, each elementary cell of the GPC being square. At the operating frequency, the dispersion relation corresponding to each elementary cell is thus circular. Consequently, at the scale of the elementary cell, the GPC can be seen as a homogeneous and isotropic medium, although the whole structure is an inhomogeneous medium. In addition, at the interface of the photonic crystal with vacuum, the tangential component of the wave vector k is continuous. These are the two key points to design a GRIN structure from a GPC.
We address a 2D GPC, that is, a square lattice of circular dielectric cylinders ( r = 8.9) embedded in air ( r = 1); a schematic layout is shown in Fig. 2 . Its radius is R = 3λ 14.3 × a and the filling factor η is
where φ is the diameter of the constitutive dielectric cylinders and a is the period of the square lattice. To design the GPC, the diameter φ is thus varied, whereas the lattice period a is constant. We calculate the band structure and the IFCs for different values of the filling factor η by the means of our "homemade" Finite Difference Time Domain (FDTD) source code which describes the elementary cell with Periodic Boundaries Conditions [28] - [33] . The polarization of the incident wave is transverse magnetic (TM), the electric field being parallel to the axis of the dielectric cylinders. The operating normalized frequency is = a/λ = 0.21. Extremal band-structures are reported in Fig. 3 , corresponding to the smallest diameter of the cylinders and to the greatest diameter of the cylinders. Their diameter, and consequently the filling factor η, decreases from the center of the GPC towards its rim; and also decreases the effective index n eff . Fig. 3 . Band structures of two 2D dielectric PCs made of circular cylinders arranged in a square lattice corresponding to the extremal values of the filling factor η. The diameter of the cylinders of each PC is constant. The green curve corresponds to the smallest diameter of the cylinders of the GPC, while the blue one corresponds to the greatest diameter of the cylinders. The incident electric field is parallel to the axis of the cylinders (TM polarization). The horizontal dashed line indicates the operating normalized frequency = 0.21. The filling factor varies from η = 21.7 · 10 −3 to η = 290 · 10 −3 .
Taking benefit from the continuity of the tangential component of the wave vector k, we calculate the effective index n eff from the ratio of the radius of the IFCs to that of the relation of dispersion of the vacuum; the latter is generally called the "light cone" [23] . Several IFCs corresponding to various filling factors and the "light cone" are shown in Fig. 4 ; they are nearly circular. The side of the square mesh cell of the FDTD grid is dx = a/100, which may impact the resolution meshing when dicretizing the cylinders.
As the diameter of the cylinder increases, the effective index n eff increases. Thereby, we deduce a "calibration curve" n eff = n eff (η), that is, the variation of the effective index n eff in function of the filling Fig. 4 . Several isofrequency curves (TM polarization) for increasing filling factor η and that of vacuum (black curve), the latter being referred to as the "light cone". Each of these curves is nearly circular. The filling factor varies from η = 15.4 · 10 −3 to η = 256 · 10 −3 . The operating normalized frequency is = a/λ = 0.21.
factor η: the former increases with the latter. Thanks to this calibration curve n eff (η), we extrapolate the different diameters of the constitutive cylinders of the GPC, so as to fit the index profil n(r ) of the MFE (eq. 1). As expected, these decrease from the center of the Maxwell Fish-Eye towards its rim (Fig. 2) . Note that varying one parameter of the elementary cell, i.e., the lattice period a, the filling factor η or the dielectric constant r , makes it possible to fit any arbitrary profile of refractive index for GRIN optics design. Retrieving the effective index n eff from the radius of the IFCs is suitable for any photonic band in the band structure, having a positive or a negative curvature. It does not depend on the normalized frequency = a/λ. To handle an isotropic medium only requires circular IFCs at the operating frequency , the PC being dielectric or metallic [30] - [33] . It therefore deals with the true relation of dispersion of PCs. It is applicable from microwave to the optical range, e.g., it is applicable to the design of a PC slab between two different media such as ai r /Si /Si O 2 . Note that the gradient of filling factor η depends on the radial r and polar θ coordinates r (Fig. 2) unlike the refractive index n(r ) of the Maxwell Fish-Eye which only depends on the radial coordinate.
Simulation of the Maxwell Fish-Eye
Once designed, we simulate the MFE by the means of our FDTD code, which involves Perfectly Matched Layer boundaries conditions and the Total Field/Scattered Field method [30] - [34] . Simulations are carried out at the normalized frequency = 0.21, the source point being located on the surface of the MFE. The result of the simulation is reported in Fig. 5 : the source point is set on the left and the EM field propagates along the − X direction of the GPC. The object is really imaged on the opposite side of the structure, while the wavefronts are inside symmetric regarding the plane of symmetry between the object and the image; whereby the inside optical rays emerging from the source point converge onto the same image point. We also set the source point so that the EM field propagates along the − M direction of the GPC. The object is similarly imaged on the opposite side of the structure, while the wavefronts exhibit the same symmetry (result not shown). Our GPC clearly achieves the properties of the MFE.
Half-Maxwell Fish-Eye
The HMFE takes advantage of this symmetry. We consider both the collimation and the focusing properties of the HMFE and the corresponding results are reported in Figs. 6 and 7 , respectively. The EM field emitted by a source point on the spherical surface propagates through the lens and Fig. 5 . Map of the instantaneous electric field E z at the normalized frequency = 0.21 issued from a source point located at the Maxwell Fish-Eye surface (left). It is imaged onto the surface of the MFE on the opposite side (right), i.e. the two points are conjugated, while the inside wavefronts are symmetric. The x direction is along the − X direction of the GPC. The radius is R = 3λ. Fig. 6 . Map of the instantaneous field E z at the normalized frequency = 0.21 issued from a source point located at the Half-Maxwell Fish-Eye surface. It is collimated as it emerges from the HMFE and its width is about the aperture of the lens. The radius of the hemisphere is R = 3λ. The wave propagates along the − X direction of the GPC. the wavefronts of the collimated beam which is emerging from the HMFE are that a plane wave whose width is about the aperture of the HMFE (Fig. 6) . Notice the only four wavelengths inside the HME. Collimating by the HMFE may be implemented in infrared wireless telecommunication systems. Then, the HMFE is illuminated by a plane wave incident on its plane side, with a gaussian transverse amplitude: it is clearly focused onto the other side (Fig. 7) . Both results demonstrate the ability of GPC to control the "flow of light" in only a few wavelengths.
Since its refractive index radially changes, the lens undergoes spherical aberrations and the focal spot is consequently not a point [35] . The shape of the beam in the focal plane is reported in Fig. 8 : it is like a cardinal sine and its Full Width at Half Maximum is F WH M 0.35 λ, which is less than the wavelength. 1 We ascribe this result to the coexistence of propagating waves and evanescent waves at the output interface of the GPC. Luo et al. have demonstrated that resolution arbitrarily smaller than the wavelength should be possible in a positive-index photonic crystal, when the lattice period a is much smaller than the operating wavelength [36] . Indeed, they have shown that the evanescent waves can be greatly amplified through transmission because of the coupling between the incident evanescent field and bound photon states which usually exist below the light cone. This contributes to the resolution of the image. Resolution lower than 0.5λ is achievable provided the dielectric constant of the cylinders is high enough. Our GPC satisfies Luo et al.' criteria: the lattice period a of our GPC is much smaller than the operating wavelength λ, the contrast of the dielectric constants is 8.9, and the operating frequency is set in the first photonic band, i.e. under the light cone. Note that the FDTD mesh cell is again dx = a/100 in the simulation, which impacts the discretization of the constitutive rods by the square mesh cell of the FDTD grid and brings about approximations in the results of the simulation. HMFE focusing could be implemented for coupling in integrated photonic components.
We also study the operating frequency band and results corresponding to = 0.12, 0.14, 0.16, 0.18, 0.21, 0.23 are reported in Fig. 9 . They anew validate previous results, i.e., despite its smallness, the GPC governs the optical paths in a few wavelengths.
Conclusion
We designed a GPC whose fitted gradient of filling factor achieves the optical properties of the Maxwell Fish-Eye. The gradient of filling factor has been deduced by engineering the IFCs of PCs. The simulation reveals that the source point and the image point are clearly conjugated, and that the paths of the rays inside the structure are symmetrical. Then, we simulated half the GPC and found its optical properties are that of the Half-Maxwell Fish-Eye, i.e., it provides a directive collimated beam from a source point. Moreover, it conversely focuses an incident plane wave and the spot size is less than one wavelength. These results reveal that GPC are able to govern the flow of the EM field in a few units of wavelengths. These structures are suitable for integrated photonics, lab-on-chip components, wireless communications, antennas systems, from microwave to optics. These ultra-compact GPCs at the scale of the wavelength permit to fit the continuous graded index of the Maxwell Fish-Eye and actually, any graded index profile. GPCs are the means to GRIN optics to expand, from microwave to the optical frequency domain.
